The present study proposes a novel proportional-integral-derivative (PID) control design method in discrete time. In the proposed method, a PID controller is designed for first-order plus dead-time (FOPDT) systems so that the prescribed robust stability is accomplished. Furthermore, based on the control performance, the relationship between the servo performance and the regulator performance is a trade-off relationship, and hence, these items are not simultaneously optimized. Therefore, the proposed method provides an optimal design method of the PID parameters for optimizing the reference tracking and disturbance rejection performances, respectively. Even though such a trade-off design method is being actively researched for continuous time, few studies have examined such a method for discrete time. In conventional discrete time methods, the robust stability is not directly prescribed or available systems are restricted to systems for which the dead-time in the continuous time model is an integer multiple of the sampling interval. On the other hand, in the proposed method, even when a discrete time zero is included in the controlled plant, the optimal PID parameters are obtained. In the present study, as well as the other plant parameters, a zero in the FOPDT system is newly normalized, and then, a universal design method is obtained for the FOPDT system with the zero. Finally, the effectiveness of the proposed method is demonstrated through numerical examples.
Introduction
Proportional-integral-derivative (PID) [1] [2] [3] [4] [5] [6] [7] [8] [9] control has few tuning parameters: proportional gain, integral time, and derivative time, and its structure is simple. Hence, PID control has been widely used in industry, and numerous tuning methods have been proposed.
In the model-based approach, optimal tracking and robust stability are achieved. However, the control system must be redesigned whenever the controlled system is changed. As a simple model-based optimal design method, Ziegler and Nichols proposed the step response method (ZN method) [10] . Using the ZN method, the PID parameters are decided based on the step response trajectory so that the tracking performance is optimized. However, the robust stability is not taken into account [11, 12] . Therefore, robust control designs have been proposed [13, 14] . Using robust design methods, robust stability is obtained, but the tracking performance is not optimized. In [15] , H 2 optimal design was proposed using internal model control (IMC) design, and hence, stability was assured. Although robust PID control systems are also designed in the discrete time domain [16, 17] , the stability margin cannot be prescribed.
The relationship between the tracking performance and the robust stability is a trade-off relationship [18] . Therefore, trade-off PID design methods have been proposed [19, 20] . In the trade-off design methods, the PID parameters are decided such that the tracking performance is optimized subject to the prescribed robust stability, where servo or regulator mode is selected for performance optimization. A trade-off optimization approach has been designed in the continuous time domain that consists of a first-order plus dead-time (FOPDT) system [21, 22] , a second-order plus dead-time (SOPDT) system [23, 24] , and a two degrees-of-freedom (2DOF) system [25, 26] .
For a discrete time system, trade-off approaches have been proposed [27, 28] . Discrete-time methods are useful for controlling discrete time systems, in which the controller is implemented with a digital computer. However, the robust stability was not assigned in [27] , and the controlled plant was restricted to a non-zero system [28] . Therefore, in the present study, a new discrete time domain approach is proposed, in which the constraint is relaxed and the prescribed robust stability is accomplished. Specifically, the FOPDT model with a zero is normalized, and a universal design method is obtained. As a result, the trade-off design strategy is available for a large class of discrete time systems. Finally, the effectiveness of the proposed method is demonstrated through numerical examples.
Control System
The continuous time FOPDT transfer function is described as follows:
where K is the gain, T is the time constant, and L is the dead time. In the present study, the discrete time control model is designed with sampling interval T s , and hence, the continuous time model is expressed as follows:
where a 1 , b 0 , and b 1 are the coefficient parameters, d is the dead-time in the discrete time, and z −1 denotes the backward shift operator. The discrete time plant parameters correspond to the continuous time plant parameters as follows:
where a non-negative integer L 1 satisfies the following equation:
Therefore, the input/output relationship in discrete time is given as follows:
where y(k) is the system output (plant output) and u(k) is the control input.
The present study proposes a new trade-off design method for the following PID control law:
where r(k) is the reference input and K P , T i , and T d are the proportional gain, the integral time, and the derivative time, respectively. A block diagram of the control system is shown in Figure 1 , in which the control input is disturbed by disturbance d(k). Equation (8) is the discrete version of the next continuous time control law:
where The closed-loop systems from r(k) and d(k) to u(k) and y(k), respectively, are obtained as follows:
From the above equations, the relationship between the reference tracking and the disturbance rejection is a trade-off relationship.
Design Objective
In the proposed method, the PID parameters of the discrete time control law are designed based on a constrained optimization problem. The constrained optimization problem consists of the constraint condition as the prescribed stability margin and the objective function defined by the index with respect to the servo and regulator performances, respectively. The constraint condition and the objective function are defined in Sections 3.1 and 3.2, respectively.
Constraint Condition
The constraint condition is used to obtain the stability margin. In the proposed method, the stability margin is designed using the following sensitivity function:
Using the sensitivity function, the constraint condition is defined as follows:
where M s denotes the maximum value of the sensitivity function S f (e −jω ) and M d s is the designed value of M s .
The design range of M d s is recommended to be from 1.4-2.0 [4] . The relationship between M d s and the stability margin is in inverse proportion.
Objective Function
The objective function is defined based on the sum of absolute errors (SAE) as follows:
In a one-degree-of-freedom (1DOF) system, the relationship between the servo and regulation performances is a trade-off relationship.
Therefore, the objective functions in the reference tracking optimization and the disturbance rejection optimization are given by Equations (16) and (17) , respectively:
where
In the discussed control system, the stability and the tracking performance are simultaneously decided because they are in a trade-off relationship.
Proportional-Integral-Derivative Parameter Design
In order to obtain a universal design method for arbitrary FOPDT models, first, in Section 4.1, the plant model and the PID control law are normalized. Second, in Section 4.2, optimal PID parameters are obtained subject to the pre-established stability margin. Third, in Section 4.3, the parameter tuning rule is derived based on the optimal parameters calculated in Section 4.2. Finally, the algorithm for the proposed design method is summarized in Section 4.4.
Normalization
The plant model and the control law are normalized to obtain a universal design method. The normalization parameters for the plant model, τ 0 and τ a , are given as follows:
τ a = − log a 1 (19) Moreover, the normalization parameters for the control law, κ p , τ i , and τ d , are given as follows:
The derivation of the normalization parameters is shown in Appendix A. The expression of the plant model using the normalization parameters has merits for optimization analysis and controller design. Since the optimization problem is stated in terms of just two parameters τ 0 and τ a , the analysis and elaboration of coefficient parameters are simplified. Furthermore, the controller parameters are tuned independent of the process gain and time constant.
Optimization
The controller parameters are optimized for the servo and regulation operations, respectively, subject to the established stability margin.
As the optimization tool, the fmincon function in MathWorks MATLAB software was used, where the prescribed robust stability is set: M d s ∈ {1.4, 1.6, 1.8, 2.0}, and the optimal controller parameters are calculated based on the normalization parameters for the controlled plant: τ 0 ∈ {0.3, · · · , 1.7} and τ a ∈ {0.01, · · · , 0.1}. As an example, the optimized controller parameters for M d s = 1.4 in the servo are shown in Figure 2 . 
Controller Parameter Decision
The tuning rule for the controller parameters is proposed in Section 4.3.1, and the prescribed robust stability using the proposed parameter tuning rule is evaluated in Section 4.3.2.
Tuning Rule
On the pair of plant parameters τ 0 and τ a with the established robust stability M d s , the controller parameters are expressed in terms of the normalization parameters for the plant model as:
(23)
where α i (i = 0, 1, 2), β j (j = 0, 1, 2, 3), and γ k (k = 0, 1, 2) are defined as follows:
where the coefficient parameters in Equation (26)-Equation (35) in the servo optimization are shown in Table 1 , and those in the regulation optimization are also shown in Table 2 . The controller parameters are optimized in the limited range. Although the range can be expanded, the tuning rule is redesigned when the range is changed.
Evaluation of the Prescribed Robust Stability
Non-obtained controller parameters are interpolated, where using the tuning rule proposed in 
Algorithm
The proposed design procedure is summarized as the following algorithm:
1.
The plant parameters and the controller parameters are normalized. 2.
For the normalized systems, the constrained optimization problem is solved such that the reference and disturbance responses are optimized, respectively, and the optimal controller parameters are obtained.
3.
Based on the obtained optimized parameters, the tuning rule for the controller parameters is designed.
4.
Using the tuning rule, the practical PID parameters are decided.
When the tuning rule is obtained once, the PID parameters are calculated without solving the constrained optimization problem.
Numerical Examples
First, in Section 5.1, the trade-off design between the servo and regulator design is confirmed. The accomplished robust stability is then shown in Section 5.2. Finally, the proposed method is compared with two conventional discrete time trade-off design methods [27, 28] in Sections 5.3 and 5.4, respectively.
Trade-off Tracking Performance Comparison
As a controlled plant, the following transfer function is used:
The transfer function is the discrete time representation of the following continuous time system with T s = 0.03 s:
Using the proposed method, the PID parameters are decided based on Equation (36) with M d s ∈ {1.4, 1.6, 1.8, 2.0}. The simulation results obtained using the PID parameters are shown in Figure 6 , where the reference input is 1.0 and the control input is disturbed by a unit step signal after 15 s. Figure 6 shows that the servo design is superior to the regulator design with respect to reference tracking performance. On the other hand, the regulator design is superior to the servo design with respect to disturbance rejection. Figure 6 . Output and input responses obtained using the proposed method in both servo and regulator design, where the system is disturbed by a unit step disturbance after 15 s.
The control performance is evaluated using J s and J r , where J s denotes the SAE value from the start until 15 s, and J r also denotes the SAE value from 15 s until the end. Here, J s and J r , as well as the PID parameters and M s in the servo and regulator, respectively, are summarized in Table 4 . In the servo design, J s is smaller than J r . In the regulator design, J r is smaller than J s . From both Figure 6 and Table 4 , the larger M d s , the better the control performance. Therefore, the trade-off design is achieved using the proposed method.
Robust Stability
The effectiveness of the accomplished robust stability is shown. The PID controller is designed based on the nominal model Equation (36) in Section 5.1 in the servo and regulation, respectively.
The scenario is that the plant is Equation (36) from the start to 30 s and is changed to Equation (38) after 30 s as the model perturbation.
The transfer function is the discrete time version of the following continuous time model with the sampling interval T s = 0.03 s:
The simulation results for the servo and regulator designs are shown in Figure 7 , where the reference input is given by a unit step function, and the control input is disturbed by a unit step function after 15 s. The simulation results show that the effect of the model perturbation is suppressed by small M d s . However, note that the control performance is superior before the model perturbation when the value of M d s is large. 
Comparison with the IMC-Based Method
Consider the following discrete time system:
The system is the discrete time representation of the following continuous time system with a sampling interval of 0.01 s:
In the conventional discrete time trade-off design method [27] , the IMC controller is designed as:
where λ c is the trade-off design parameter. The obtained IMC controller is approximated by the following discrete time PID control law:
where λ c is designed in the range of [0.8,0.99]. However, the designed control systems are unstable when λ c ≤ 0.96, and thus, the conventional control law is designed such that λ c is set to 0.97, 0.98, and 0.99, respectively, where α = 0.1. The designed PID parameters for the conventional method and the proposed method are shown in Table 5 . The simulations were conducted using the conventional and proposed methods, where the reference input was set to 1.0, and the control input was disturbed by a unit step function after 30 s. The conventional method is compared with the proposed servo and regulator optimization methods in Figure 8 . The obtained M s values and the evaluated values J s and J r are also summarized in Table 5 , where J s denotes the SAE value from the start until 30 s, and J r also denotes the SAE value from 30 s until the end. Table 5 shows that the conventional method provides a trade-off design by selecting λ c even though no value is assigned to M s . Moreover, the tracking performances obtained using the proposed method are superior to those obtained using the conventional method. 
Comparison with the Conventional Discrete-Time Method
The conventional discrete time design method [28] is compared with the proposed method. Here, two scenarios are conducted, in which a non-zero plant and a zero-included plant, respectively, are controlled.
In the first simulation, we consider the following non-zero discrete time plant:
where Equation (44) is the discrete time representation of Equation (45) with a sampling interval of T s = 0.05 s.
Equation (44) has no zero since the continuous time dead-time is an integer multiple of the sampling interval.
In the second simulation, the controlled discrete time system is given as follows:
where Equation (46) is the discrete time version of the continuous time system given by Equation (47) with a sampling interval of T s = 0.061 s.
Equation (46) has a zero since the dead-time in the continuous time model is not an integer multiple of the sampling interval. Since the discrete time system has a zero, the conventional method is not directly used. Therefore, Equation (46) is hereby approximated by the next discrete time system, and the conventional method is used:
In the simulations, the reference input is set to 1.0. Furthermore, the control input is disturbed by a unit step function signal after 10 s. The obtained PID parameters are shown in Tables 6-9 . Using the obtained parameters, the discrete time models Equations (44) and (46) are controlled, respectively, and the output results are plotted in Figures 9 and 10 . Furthermore, the obtained M s value and index values J s and J r are also shown in Tables 6-9, where J s denotes the SAE value while the control is not disturbed, and J r denotes the SAE value while the control input is disturbed. Table 9 . Proportional-integral-derivative parameters, M s , and SAE values in the regulator design using Equation (46) and (48) In the case of the non-zero system Equation (44), J s , J r , and M s obtained using the conventional method were close to those obtained using the proposed method. On the other hand, when the controlled plant was a zero-included system, Equation (46) was out of range of the conventional method. Therefore, the tracking performances using the conventional method were inferior to those using the proposed method, and hence, the SAE values using the conventional method were larger than those using the proposed method. Furthermore, the prescribed robust stabilities M d s were achieved using the proposed method, while on the other hand, the M s values obtained using the conventional method were insufficient.
The simulation results showed that both the conventional and proposed methods were useful for the non-zero plants. However, when the zero-included plant was controlled, the design objective was achieved using the proposed method even though the conventional method was not available. Therefore, the proposed method is a more general method of the conventional discrete time design method.
Conclusions
The present study proposed a new trade-off PID control design method for discrete time FOPDT systems including a zero. In the proposed method, the regulator-or servo-optimal PID controller was designed in discrete time. In the proposed method, since robust stability was a design parameter, it was adjustable depending on the model perturbation.
In the conventional discrete time design method [28] , the designable class was restricted such that the dead-time in the continuous time system must be an integer multiple of the sampling interval, and hence, no zero appeared. On the other hand, in the proposed method, the constraint condition was relaxed.
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